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Abstract: According to classical physics theories, a moving particle cannot move to an environment with greater potential 
energy than its total energy during movement. But according to quantum theories, this event is known to be. This event is 
called tunneling. Tunneling is a probability, and it is measured by a transition coefficient. Correct calculation of this coefficient 
is very important because very sensitive and important instruments have been developed based on this event, and many events 
in nature can be explained by tunneling. This coefficient is generally calculated by semi-classical approaches (WKB) and the 
known formula is an approximate formula. In this paper, the general transmission coefficient of a potential barrier with 
arbitrary form is calculated by a simple method without any approximation. The results are applied to calculate the half-life 
values of the nuclei that emit alpha particles. The half-life values obtained from our calculations and the classical method 
(WKB) have been compared, and it has been found that the new half-life values are exactly consistent with the experimental 
values. 
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1. Introduction 

When a flowing particle or particle current is encountered 
with a potential energy barrier greater than its total energy, it 
cannot pass the potential barrier and return to its environment 
or disappear within the potential according to classical 
physics. However, the observations indicate that such a 
particle or particle current may pass the potential barrier. In 
quantum physics, this phenomenon is called tunneling. This 
phenomenon cannot be explained according to classical 
physics theories. One of the greatest achievements of 
quantum physics theory is that it can explain the tunneling or 
tunneling event. The probability of passing the potential 
barrier of the particles is determined by the passing (or 
transmission) coefficient. This coefficient indicates the 
possibility of passing the potential barrier of the particle. 
Where and how this coefficient is used can be found in many 
publications. It is also a fact that some very sensitive 
instruments are based on the phenomenon of this formula. 
This well-known formula is obtained by a semi-classical 

calculation method called Wentzel-Kramers-Brillouin (WKB) 
Method in Quantum Mechanics and is an approximate 
formula as its name suggests. In this paper, a new formula is 
obtained without any approximation and this formula can be 
easily applied to any form of potential barrier. This formula 
is shown to be more accurate and realistic, applying to the 
alpha decay of some well-known atomic nuclei in nuclear 
physics. Experimental data were compared with theoretical 
calculations. 

The time-independent radial Schrödinger Equation (SE) in 
spherical polar coordinates for a particle in a spherical 
symmetric potential is given as follows: 

d�F�r�dr� � 2	m�� 	�E � U�r��	F�r� � 0 

Where E	is the total energy, U�r� is the effective central 
potential energy and given as follows:  

U�r� � V�r� � ��2	m	ℓ	�ℓ � 1�	r�  
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Here V�r� is the central potential. F�r� is the radial part 
of the wave function Ψ�r, θ, ϕ�, namely, 

Ψ�r, θ, ϕ� � R�r�	Yℓ��θ, ϕ� 
� F�r�r 	Yℓ��θ, ϕ� � F�r�r |ℓjm � 

Here, 	Yℓ��θ, ϕ�		is the spherical harmonic function, and |ℓjm � is wave function of total angular momentum. In the 
previous studies [1], [2], [3], the general solutions of this 
radial SE have been found. One of these solutions is as 
follows: 

F�r� � A	e"�#$#%�&'(�#$#%� � B	e$"�#$#%�∓'(�#$#%� 
or 

F�r� � A	e"#&'(�#� � B	e$"#∓'(�#�           (1) 

Here;  
(a) For the case of E � U�r�	;	 

k � m-√�E, G�r� � m-01�U�r�	dr 
(b) For the case of E 2 U�r�	;	 

k � m-√E, G�r� � m-01U�r�	dr 
m- � √2	m � �⁄ 12	m ��⁄ , G�r�	is	real	function 

Here, m  mass or reduced mass of particle, and 	� �h �2	π�⁄ , ( h  Planck constant). r-	and	r�, �r� � r-�  are 
depending on E and they are the roots of the equation	E �U�r�. Here we have the following equalities: 

rA � �r- � r�� 2	⁄ 	; 	d � r� � r-	; r- � rA � d 2⁄ 	;	 	r� � rA � d 2⁄ ; �r� � r-� |E| � |U�rA�d 2⁄ �| � |U�rA � d 2⁄ �| 
2	|E| � |U�rA � d 2⁄ �| � |U�rA � d 2⁄ �| 

This solution is similar to the Wentzel-Kramers-Brillouin 
(WKB) approach but is not exactly the same. There are 
approximations in the WKB method, but there is no 
approximation the method that we have given here. This 
procedure gives exact results. Those who are familiar with 
the WKB approach can easily see the differences.  

In bound states, the normalized wave functions are as 
follows: ψ�r� � A	 cos�	K	r� 	e'	(�#�	or 

ψ�r� � A	 cos�	K	�r � rA�� 	e'	(�#$#%� 
and 

ψ�r� � B	 sin�	K	r� 	e'	(�#�		or 
ψ�r� � B	 sin�	K	�r � rA�� 	e'	(�#$#%�         (2) 

A � B � 12 d⁄ � 12K q⁄  

K � m-1|E| � E�	F�G 	1|E|, [m- � E�	F�G 	� 
G�r� � m- H1|U�r�|	dr. 
K	d � q		I2	m�� |E|	d � q 

	|E| � �G�	F JGKG � MM	 JGKG ; �MM � �G�	F	�       (3) 

For q � 2		ground state (minimum energy of bound states) 
occurs; for q � n	π, �n � 1, 2, 3, … �	exited states occur.  

2. Calculation of the Transmission 

Coefficient for an Arbitrary Potential 

Barrier 

2.1. Determination of the Wave Functions 

Let us reconsider the solution as follows: 

F�r� � A	e"	#&'(�#� � B	e$"	#∓'(�#�        (4) 

Here,  
(a) For the case of E � U�r�	;	  

k � i	m-√E, G�r� � i	m-01U�r� 	dr 
(b) For the case of E 2 U�r�	; 

k � m-√E, G�r� � 	m-01U�r� 	dr 
Let us divide the potential zone into three domains, as seen 

in Figure 1. In the region I, E � U-	; in the region II, E 2 U� 
and in the region III, E � UP. Now, consider that a particle 
with total energy E	comes from the left as in Figure 1 and 
hits the barrier at the point	r-. 

 

Figure 1. The unbounded state (potential barrier) and tunneling. 

According to the functions given in Eq. (4), the wave 
functions can be obtained for these three regions as 
follows: 
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F-�r� = A-	e'	Q	#	±RS�#� + B-	e$'	Q	#∓RS�#� 
F��r� = A�	e	Q	#	∓'	RG�#� + B�	e$	Q	#±'	RG�#�    (5) 

FP�r� = AP	e'	Q	#	±RT�#� 
K = m-√E, QV�r� = m-0EUV�r� 	dr, �p = 1, 2, 3� 

In the calculations of the above functions, the fact that 
the waves travel both from left to right and right to left in 
the region I and only from left to right in the region III has 
been taken into account. Since there is no wave coming 
from right to left in the region III, the coefficient BP must 

be zero. 

2.2. Calculation of the Transmission Coefficient X 

To calculate the transmission coefficient 	T,  the 
coefficients 	A'	and	B'  given in Eq. (5) must be found. In 
order to find these coefficients, the following boundary 
conditions are used: 

F-�r-� = F��r-�	; 		F-Z �r-� = F�Z �r-�	; 
F��r�� = FP�r��	; 		F�Z �r�� = FPZ �r��	; 

E = U-�r-� = U��r-�	; 	E = U��r�� = UP�r��	; 	m-√E = m-EUV�r-� = m-EUV�r�� = 

K	; 	m-√E = m-EUV�r-� = m-EUV�r�� = K 

QV�r� = m- HEUV�r� 	dr			QVZ �r� = m-EUV�r�; QVZ �r-� = QVZ �r�� = K 

In the functions given in Equation (5), there are five unknown coefficients. Four of them can be found in terms of A-. All of 
the coefficients have been calculated in this study, but here, only the coefficient AP is sufficient. According to the signs of the 
exponential terms in Equation (5), two values are found for AP. 

For the lower part of signs:  

AP = 2	exp��1 + i�K	r- + �1 − i�K	r� − Q-�r-� + i	Q��r-� + i	Q��r�� + QP�r���exp�2	K	r- + 2	i	Q��r-�� + exp�2	K	r� + 2	i	Q��r��� A- 

For the upper part of signs:  

AP = 2	exp��1 + i�K	r- + �1 − i�K	r� + Q-�r-� + i	Q��r-� + i	Q��r�� − QP�r���exp�2	K	r- + 2	i	Q��r��� + exp�2	K	r� + 2	i	Q��r-�� A- 

The transmission coefficient is defined as follows:  

T = \T	\T∗\S	\S∗ = �^_`M��	Q	K�a^_`	��	b�            (6) 

P = Q��r�� − Q��r-� = I2	mℏ� 	0 1U��r�	dr#G
#S  

Q��r� = m-01U��r� 	dr = I2	mℏ� 01U��r� 	dr 
From the literature [4], [8], the transmission coefficient T	(or the barrier penetration probability) which is calculated 

by the method WKB is known as follows: 

T = e$�	d, �g = E�	FℏG 	H 1U��r� − E	dr#G#S 	�       (7) 

In Equations (6) and (7), r-	and	r�  are abscises of the 
points that the particle hits and leaves the potential barrier, 
respectively. 

3. Application to Alpha Decay in Nuclei 

and Calculation of Half-Life 

3.1. Calculation of Half-Life Formula 

An α-particle is the nucleus of a helium atom. It consists 
of two protons and two neutrons. In the process of	α-decay of 
nuclei, an α-particle is assumed to move in a spherical region 
determined by the daughter nucleus. The central feature of 
this one-body model is that the α-particle is preformed inside 
the parent nucleus. The theory does not prove that α-particle 
is preformed but it proves that it behaves as if it is [9]. Figure 
2 shows a plot, suitable for purposes of the theory, of the 
potential energy between the α -particle and the residual 
nucleus for various distances between their centers. The 
horizontal line Eg  is the disintegration energy. There are 
three regions of interest. In the spherical region	r < r-, we 
are inside the nucleus and speak of a potential well with of 
depth 	−UA , where UA  is taken as a positive number. 
Classically, the α-particle can move in this region with a 
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kinetic energy Eg � UA  but cannot escape from it. The 
region r- 2 r 2 r�	forms a potential barrier because here the 
potential energy is more than the total available energy	Eg. 
The region r � r�  is a classically permitted region outside 
the barrier. From the classical point of view, an α-particle in 
the spherical potential well would reverse its motion every 
time it tried to pass beyond r � r- of tunneling through such 
a barrier. A consistent model for this process assumes that α-
particle is bounded to the nucleus by a spherical potential 
well V-�r� or a spherical effective potential well U-�r� and 
that the α-particle is repelled from the residual nucleus by 
the central Coulomb potential barrier V��r� or the effective 
central Coulomb potential barrier 	U��r� . The original 
radioactive nucleus has the charge Z	e and the α-particle has 
the charge 2e.  Thus the Coulomb potential barrier is as 
follows: 

V��r� � �	�i$��jG# � #̂, �c � 2	�Z � 2�e�� 
Thus, the corresponding effective potential function is 

obtained as: 

U��r� � cr � br� , �b � ��2	m 	ℓ�ℓ � 1�� 
Here ℓ is the relative orbital angular momentum quantum 

number of the α-particle. This effective potential is depicted 
in Figure 2. There are three domains in this effective 
potential. 

According to the one-body theory, the disintegration 
constant λ	 of an alpha emitter is given by: λ � f	T , �T	transmission	coefficient�. Here f  is the frequency with 
which the α-particle presents itself at the barrier and T is the 
probability of transmission through the barrier. The quantity f is roughly of the order of 

m�	�#S$#T�, where v is relative 

speed of the alpha particle inside the nucleus. t- �⁄ �0.693 λ⁄ 	is used for the calculations of nuclear half-life. 
The relative speed of the alpha particle can be found from 
its kinetic energy that is equal to the difference between 
the disintegration energy of the alpha particle Eg and the 
ground state energy of the nucleus	EA, namely:  

Kinetic	Energy � K. E. � -�m	v� � �Eg � ��|EA|�� � Eg � |EA|                       (8) 

From Equation (8), the speed of particle is obtained as 
follows: 

 

Figure 2. Effective potential function for the r-decay process of the nuclei. 

v � I2	�Eg � |EA|�m 		and		 1v � I m2	�Eg � |EA|�	 
If the values of 1 v⁄  and λ � f	T  are substituted 

into	t- �⁄ � 0.693 λ⁄ , then the following formula is obtained: 

t- �⁄ � 0.693λ � 0.693f	T � 0.693	 2	�r- � rP�T 1v 

� 0.693	 2	�r- � rP�T I m2	�Eg � |EA|� 
To simplify the numerical calculations, this formula can be 

rewritten in the following form: 

t- �⁄ � 0.693	 �	�#S$#T�^ E F	^G�	�sta|s%|� 	-u           (9) 

Here, m � Fv	FtFvaFt  is the reduced mass. mw	and	mg  are 

the mass of the nucleus and of α-particle, respectively. 

3.2. Determination of the Potential Functions 

In our numerical calculations, we have taken the harmonic 
oscillator type central potential as seen in Figure 3. The 
central potential parts V-�r�, V��r�, 	VP�r�  and the central 
effective potential parts U-�r�, U��r�, 	UP�r� are as follows:  

V-�r� � �UA � a	r�	; 	U-�r� � �UA � a	r� � br� 	 ; �rP x r x r-�  (I region) 

V�-�r� � a	r�	; 	 	U�-�r� � a	r� � br� 	 ; �r- x r x rF� �II-	region� 
V���r� � cr 		; 	U���r� � cr � br� 	 ; �rF x r x r��  �II�	region� 
VP�r� � cr	; 	UP�r� � cr � br� 	 ; �r� x r x ∞�	 �III	region� 

Here, R � RA{�A � 4�- P⁄ � 4- P⁄ } is the total rayon of the 
nucleus and alpha particle. From the solution of the equation Eg � U-�r� � �UA � a	r� � ~#G	,	we can obtain as follows:  



 Journal of Photonic Materials and Technology 2019; 5(2): 24-31 28 
 

r- � I�Eg � UA� � 1�Eg � UA�� � 4	a	b2	a  

rP � I�Eg � UA� � 1�Eg � UA�� � 4	a	b2	a  

From the solution of the equation Eg � U���r� � #̂ � ~#G 	 ; 
we obtain 	r� � ^a1^Ga�	~	st�	st . From the solution of the 

equation EA � U-�r� � �UA � a	r� � ~#G,	 we obtain as 

follows: 

r-- � I�EA � UA� � 1�EA � UA�� � 4	a	b2	a 		 
r-� � I�EA � UA� � 1�EA � UA�� � 4	a	b2	a  

dA � r-� � r--; 	d � r� � r- 
From the solution of the equation 

EA � � ��2	m q�dA� � � ��2	m2�dA� � � 2	��m	dA� 

We obtain the ground state energy as follows: 

EA � √a	b � 12 �UA � I4	a	b � 8	a	��m � 4	√a	b	UA � UA�� 
With these grandeurs the coefficients of transmission are 

written as follows: 

T�"~ � e$�	b���                (10) 

P�"~ � I2	m�� 	�0 1U�-�r� � Eg	dr#�
#S � 

�0 1U���r� � Eg	dr#G
#�  

Twj� � 2cosh�2	K	d� � cos�2	�Q��r�� � Q��r-��� 
Twj� � �^_`M��	Q	K�a^_`��	bv��	�          (11) 

	Pwj� � I2	m�� 	�0 1U�-�r�#�
#S 	dr � 0 1U���r�#G

#� 	dr� 

t- �⁄�"~ � 0.693	 2	�r- � rP�c 	I m	c�2	�Eg � EA�	 1T�"~ 

t- �⁄�"~ � 0.693	 �	�#S$#T�^ 	E F	^G�	�sta|s%|� 	 -u���       (12) 

t- �⁄wj� � 0.693	 2	�r- � rP�c 	I m	c�2	�Eg � EA�	 1Twj� 

t- �⁄wj� � 0.693	 �	�#S$#T�^ 	E F	^G�	�sta|s%|� 	 -uv��       (13) 

The parameters a	and	rF	in potentials can be calculated. 
To calculate the parameter a,	the following equation is used:  

U-�r� � �UA � a	r� � br� � 0 

The roots of this equation are found as follows:  

r-Z � I�%aE�%G$�	�	~�	� 	 ; 		rPZ � I�%$E�%G$�	�	~�	�        (14) 

As it can be seen in Figure 3, the r-Z  can be taken as sum 
of the radii of the nucleus and the alpha particle. That is, 
since the radius of the alpha particle is Rg � RA	4- P⁄ and the 
radius of the nucleus is R� � RA�A � 4�- P⁄ , the total radius 
is [9] : 

R^ � Rg � R� � RA{	4- P⁄ � �A � 4�- P⁄ } 
Thus it can be taken as follows: 

�r-Z �� � R�̂ � �UA � EUA� � 4	a	b� �2	a��  

From this equation, the value of a	is obtained as: 

a � �%��G � ~��� � �%	��G$~���               (15) 

To calculate the parameter rF,	 the equation U-�r� �U���r�	is used and the resolution of this equation gives:  

rF � �	 √PT 	�	�%a √�T 	��G T⁄ 	�	�                  (16) 

X � �9	a�c � E3	aP	�27	a	c� � 4	UAP��� P⁄
 

 

Figure 3. Central harmonic oscillator type effective potential. 
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Therefore, the potential depends only on RA	and	UA 
parameters, which simplifies the numerical calculations. 

3.3. Numerical Calculations 

To calculate the transmission coefficient 	T,  (or barrier 
penetration probability), Equations (10) and (11) have been 
used, and the half-life values, Equations (12) and (13) have 
been used. The experimental half-life values of the nuclei 
were taken from [10]. Calculations were made for twenty 
nuclei and the results are visible in Tables 1-3. In these tables, 
the half-life values calculated from the new formula and 
WKB formula are compared with the experimental results. 
For RA	parameter 1.20 (table1), 1.21 (table 2) and 1.22 (table 
3) values have been taken. For each RA	value; firstly, UA 

values were changed the interval 5– 50	MeV by step 0.001 
until t- �⁄wj� t- �⁄ 	j�V�  value is between 0.999 and 1.001, and one UAA value was found. Secondly, UA  values were changed 
between 	�UAA − 1�	and	�UAA + 1�  by step 0.00001  until 
the values of t- �⁄wj� t- �⁄ 	j�V�  is equal to 1 or close to 1, and thus 

the best UA	 value was found. We have taken calculated 

values a	and	rF  parameters given Equations (15) and (16) 
for UA	parameters. The half-life values calculated from the 
new formula and WKB formula are compared with the 
experimental results. It has seen in the tables that t- �⁄wj� 

values have better results than t- �⁄�Q� values. In all the tables, 
it can be seen that the new formula is more appropriate than 
classical formula (WKB). Tables show that the new formula 
gives very good results with the experiment.  

In these tables; first column is nucleus; second column is 
the experimental energy value of the alpha particle; third and 
fourth columns �I'�  	and	I¡�¢�  are the initial and final state 
spins (parity) of the nucleus, respectively. Fifth column 	�ℓg	�	is the orbital angular momentum of the alpha particle; 
sixth column is the experimental value of the half-life of the 
nucleus; the seventh column is the most value of the 
parameter	UA ; eighth and ninth columns are the WKB and 
new values of the half-life of the nucleus, respectively; tenth 
and eleventh columns are the ratios of half-lives. In these 
tables: y year; d day; h hour; m minute; s second. 

Table 1. Comparison of the experimental half-life values and the results calculated using the new and WKB formulas with the harmonic oscillator type well 

potential for the parameter £A = 1.20	¤¥. 
¦§̈  ©ª�«¬­� ®°̄¯ ®±°±  ²ª ³´ µ⁄¬¶·  ¸¹	�«¬­� ³´ µ⁄º»¼ ³´ µ⁄½¬º ³´ µ⁄º»¼ ³´ µ⁄¬¶·�  ³´ µ⁄¾¿À ³´ µ⁄¬¶·�  PoÁ��AÁ   5.2155 0a  0a  0 2.898 y 13.8722 0.00100 y 2.898 y 0.00034 1 PoÁ��-A   5.4075 0a  0a  0 138.376 d 14.4730 0.03565 d 138.376 d 0.00026 1 RnÁ��-A   6.1585 0a  0a  0 2.40 h 8.84247 0.00001 h 2.40 h 5.84254*10-6 1 RnÁ��-�   6.3850 0a  0a  0 23.9 m 9.67596 0.00017 m 23.9 m 6.91599*10-6 1 RnÁ��-Á   7.2630 0a  0a  0 0.035 s 6.31225 2.56933*10-8 s 0.0350004 s 7.33105*10-7 1.00001 RnÁ����   5.5903 0a  0a  0 3.8235 d 6.01465 4.89374*10-6 d 3.82353 d 1.27991*10-6 1.00001 RaÁÁ���   6.6810 0a  0a  0 38.00 s 6.26453 0.00002 s 38.0003 s 5.44108*10-7 1.00001 RaÁÁ���   4.8706 0a  0a  0 1600 y 7.47036 0.03141 y 1600.01 y 0.00002 1 ThÂA��Á   5.5201 0a  0a  0 1.9116 y 6.36177 2.82674*10-6 y 1.91161 y 1.47873*10-6 1 ThÂA�PA   4.7700 0a  0a  0 75380 y 8.11483 3.42796 y 75380.2 y 0.00005 1 ThÂA�P�   4.0828 0a  0a  0 1.405*1010 y 25.48980 6.73357*109 y 1.405*1010 y 0.47926 1 UÂ��P�   4.8585 0a  0a  0 2.455*105 y 8.58300 12.3123 y 245501 y 0.00005 1 UÂ��P�   4.5720 0a  0a  0 2.342*107 y 10.38600 11487.8 y 2.342*107 y 0.00049 1 PuÂ��PÁ   5.5932 0a  0a  0 87.7 y 7.29414 0.00021 y 87.7005 y 2.34612*10-6 1.00001 PuÂ���A   5.2558 0a  0a  0 6563 y 7.60665 0.04275 y 6563.01 y 6.51417*10-6 1 PuÂ����   4.9844 0a  0a  0 3.733*105 y 8.68050 12.6644 y 3.733*105 y 0.00003 1 CmÂ����   5.4748 0a  0a  0 4730 y 8.33092 0.03025 y 4730 y 6.39447*10-6 1 CmÂ���Á   5.1617 0a  0a  0 3.40*105 y 9.08573 8.83161 y 340001 y 0.00003 1 CfÂÁ�Ä�   6.2169 0a  0a  0 2.645 y 7.16167 1.35978*10-6 y 2.645 y 5.14094*10-7 1 PoÁ��AÂ   4.9792 1 2⁄ $  5 2⁄ $  2 102 y 20.2712 0.45071 y 102 y 0.00442 1 PoÁ��--   7.5945 9 2⁄ a  1 2⁄ $  5 0.516 s 20.0278 0.00004 s 0.516001 s 0.00009 1 AtÁÄ�-�   7.8289 1$  5a  5 0.314 s 21.3994 0.00003 s 0.314 s 0.00009 1 ThÂA��Â   5.1676 5 2⁄ a  1 2⁄ a  2 7340 y 23.5966 41.1564 y 7340 y 0.00561 1 UÂ��PP   4.9086 5 2⁄ a  5 2⁄ a  2 1.592*105 y 9.16673 10.5838 y 1.592*105 y 0.00007 1 NpÂP�PÆ   4.9591 5 2⁄ a  3 2⁄ $  1 2.144*106 y 25.8548 36342.8 y 2.144*106 y 0.01695 1 PuÂ��PÂ   5.2445 1 2⁄ a 7 2⁄ $  3 24110 y 10.1464 1.12369 y 24110 y 0.00005 1 AmÂÄ��-   5.6378 5 2⁄ $  5 2⁄ a  1 432.2 y 9.39811 0.00446 y 432.201 y 0.00001 1 AmÂÄ��P   5.4381 5 2⁄ $  5 2⁄ a  1 7370 y 10.7484 0.28364 y 7370 y 0.00004 1 BkÂÆ��Æ   5.8890 3 2⁄ $  5 2⁄ $  2 1380 y 16.8160 0.24761 y 1380 y 0.00018 1 CfÂÁ�Ä-   6.1758 1 2⁄ a  9 2⁄ $  5 898 y 24.8043 1.02889 y 898.001 y 0.00115 1 

Table 2. Comparison of the experimental half-life values and the results calculated using the new and WKB formulas with the harmonic oscillator type well 

potential for the parameter £A = 1.21	¤¥. 
¦§̈  ©ª�«¬­� ®°̄¯ ®±°±  ²ª ³´ µ⁄¬¶·  ¸¹	�«¬­� ³´ µ⁄º»¼ ³´ µ⁄½¬º ³´ µ⁄º»¼ ³´ µ⁄¬¶·�  ³´ µ⁄½¬º ³´ µ⁄¬¶·�  PoÁ��AÁ  5.2155 0a  0a  0 2.898 y 14.9179 0.00127 y 2.898 y 0.00044 1 PoÁ��-A  5.4075 0a  0a  0 138.376 d 15.5665 0.04502 d 138.376 d 0.00033 1 RnÁ��-A  6.1585 0a  0a  0 2.40 h 9.23733 0.00002 h 2.40 h 6.76363*10-6 1 RnÁ��-�  6.3850 0a  0a  0 23.9 m 10.1241 0.00019 m 23.9001 m 7.99647*10-6 1.00001 RnÁ��-Á  7.2630 0a  0a  0 0.035 s 6.5191 2.80143*10-8 s 0.0350003 s 8.00408*10-7  1 
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¦§̈  ©ª�«¬­� ®°̄¯ ®±°±  ²ª ³´ µ⁄¬¶·  ¸¹	�«¬­� ³´ µ⁄º»¼ ³´ µ⁄½¬º ³´ µ⁄º»¼ ³´ µ⁄¬¶·�  ³´ µ⁄½¬º ³´ µ⁄¬¶·�  RnÁ����  5.5903 0a  0a  0 3.8235 d 6.23796 5.58953*10-6 d 3.82352 d 1.46189*10-6  1 RaÁÁ���  6.6810 0a  0a  0 38.00 s 6.47861 0.00002 s 38.0003 s 6.04471*10-7  1.00001 RaÁÁ���  4.8706 0a  0a  0 1600 y 7.82299 0.03820 y 1600.01 y 0.00002 1 ThÂA��Á  5.5201 0a  0a  0 1.9116 y 6.60806 3.28263*10-6 y 1.91161 y 1.71722*10-6  1 ThÂA�PA  4.7700 0a  0a  0 75380 y 8.52931 4.26836 y 75380.1 y 0.00006 1 ThÂA�P�  4.0828 0a  0a  0 1.405*1010 y 32.1944 1.32064*1010 y 1.405*1010 y 0.939958 1 UÂ��P�  4.8585 0a  0a  0 2.455*105 y 9.03385 15.4531 y 245501 y 0.00006 1 UÂ��P�  4.5720 0a  0a  0 2.342*107 y 11.0640 15236.5 y 2.342*107 y 0.00065 1 PuÂ��PÁ  5.5932 0a  0a  0 87.7 y 7.59949 0.00024 y 87.7006 y 2.77893*10-6  1.00001 PuÂ���A  5.2558 0a  0a  0 6563 y 7.94937 0.05176 y 6563.01 y 7.88666*10-6  1 PuÂ����  4.9844 0a  0a  0 3.733*105 y 9.13029 15.8691 y 373301 y 0.00004 1 CmÂ����  5.4748 0a  0a  0 4730 y 8.71907 0.03677 y 4730.01 y 7.77422*10-6  1 CmÂ���Á  5.1617 0a  0a  0 3.40*105 y 9.55924 11.0685 y 3.40*105 y 0.00003 1 CfÂÁ�Ä�  6.2169 0a  0a  0 2.645 y 7.43747 1.57881*10-6 y 2.64501 y 5.96902*10-7  1.00001 PoÁ��AÂ  4.9792 1 2⁄ $  5 2⁄ $  2 102 y 22.5544 0.61612 y 102 y 0.00604 1 PoÁ��--  7.5945 9 2⁄ a  1 2⁄ $  5 0.516 s 21.0244 0.00005 s 0.516 s 0.00010 1 AtÁÄ�-�  7.8289 1$  5a  5 0.314 s 22.5232 0.00003 s 0.314 s 0.00010 1 ThÂA��Â  5.1676 5 2⁄ a  1 2⁄ a  2 7340 y 26.6808 58.4120 y 7340 y 0.00796 1 UÂ��PP  4.9086 5 2⁄ a  5 2⁄ a  2 1.592*105 y 9.60678 13.0668 y 1.592*105 y 0.00008 1 NpÂP�PÆ  4.9591 5 2⁄ a  3 2⁄ $  1 2.144*106 y 30.2065 56218 y 2.144*106 y 0.02622 1 PuÂ��PÂ  5.2445 1 2⁄ a 7 2⁄ $  3 24110 y 10.5922 1.35989 y 24110 y 0.00006 1 AmÂÄ��-  5.6378 5 2⁄ $  5 2⁄ a  1 432.2 y 9.84752 0.00541 y 432.201 y 0.00001 1 AmÂÄ��P  5.4381 5 2⁄ $  5 2⁄ a  1 7370 y 11.3398 0.35419 y 7370.01 y 0.00005 1 BkÂÆ��Æ  5.8890 3 2⁄ $  5 2⁄ $  2 1380 y 18.0463 0.31843 y 1380 y 0.00023 1 CfÂÁ�Ä-  6.1758 1 2⁄ a  9 2⁄ $  5 898 y 26.8754 1.31507 y 898 y 0.00146 1 

Table 3. Comparison of the experimental half-life values and the results calculated using the new and WKB formulas with the harmonic oscillator type well 

potential for the parameter £A = 1.22	¤¥.. 
¦§̈  ©ª�Ç¿È� ®°̄¯ ®±°±  ²ª ³´ µ⁄¬¶·   ¸¹	�«¬­� ³´ µ⁄º»¼  ³´ µ⁄½¬º  ³´ µ⁄º»¼ ³´ µ⁄¬¶·�   ³´ µ⁄½¬º ³´ µ⁄¬¶·�  PoÁ��AÁ  5.2155 0a 0a 0 2.898 y 16.1149 0.00163 y 2.898 y 0.00056 1 PoÁ��-A  5.4075 0a 0a 0 138.376 d 16.8183 0.05718 d 138.376 d 0.00041 1 RnÁ��-A  6.1585 0a 0a 0 2.40 h 9.65884 0.00002 h 2.40 h 7.8447*10-6 1 RnÁ��-�  6.3850 0a 0a 0 23.9 m 10.6042 0.00022 m 23.9001 m 9.26232*10-6 1 RnÁ��-Á  7.2630 0a 0a 0 0.035 s 6.73448 3.06062*10-8 s 0.0350003 s 8.74664*10-7 1.00001 RnÁ����  5.5903 0a 0a 0 3.8235 d 6.4726 6.39451*10-6 d 3.82352 d 1.67242*10-6 1.00001 RaÁÁ���  6.6810 0a 0a 0 38.00 s 6.70216 0.00003 s 38.0003 s 6.72179*10-7 1.00001 RaÁÁ���  4.8706 0a 0a 0 1600 y 8.20157 0.04662 y 1600 y 0.00003 1 ThÂA��Á  5.5201 0a 0a 0 1.9116 y 6.8677 3.81955*10-6 y 1.91161 y 1.99809*10-6 1.00001 ThÂA�PA  4.7700 0a 0a 0 75380 y 8.97807 5.33862 y 75380.3 y 0.00008 1 ThÂA�P�  4.0828 0a 0a 0 1.405*1010 y 50.9229 3.48334*1010 y 1.405*1010 y 2.47924 1 UÂ��P�  4.8585 0a 0a 0 2.455*105 y 9.52352 19.4874 y 245501 y 0.00008 1 UÂ��P�  4.5720 0a 0a 0 2.342*107 y 11.8220 20371 y 2.342*107 y 0.00087 1 PuÂ��PÁ  5.5932 0a 0a 0 87.7 y 7.92354 0.00029 y 87.7003 y 3.29958*10-6 1 PuÂ���A  5.2558 0a 0a 0 6563 y 8.31556 0.06286 y 6563 y 9.57858*10-6 1 PuÂ����  4.9844 0a 0a 0 3.733*105 y 9.6180 19.9753 y 373301 y 0.00005 1 CmÂ����  5.4748 0a 0a 0 4730 y 9.13514 0.04485 y 4730 y 9.48227*10-6 1 CmÂ���Á  5.1617 0a 0a 0 3.40*105 y 10.0730 13.9342 y 3.40*105 y 0.00004 1 CfÂÁ�Ä�  6.2169 0a 0a 0 2.645 y 7.72806 1.83639*10-6 y 2.645 y 6.94287*10-7 1 PoÁ��AÂ  4.9792 1 2⁄ $ 5 2⁄ $ 2 102 y 25.4692 0.85586 y 102 y 0.00839 1 PoÁ��--  7.5945 9 2⁄ a 1 2⁄ $ 5 0.516 s 22.0306 0.00006 s 0.516001 s 0.00011 1 AtÁÄ�-�  7.8289 1$ 5a 5 0.314 s 23.7771 0.00003 s 0.314 s 0.00011 1 ThÂA��Â  5.1676 5 2⁄ a 1 2⁄ a 2 7340 y 30.8213 84.5910 y 7340 y 0.01152 1 UÂ��PP  4.9086 5 2⁄ a 5 2⁄ a 2 1.592*105 y 10.0846 16.2122 y 1.592*105 y 0.00010 1 NpÂP�PÆ  4.9591 5 2⁄ a 3 2⁄ $ 1 2.144*106 y 36.7733 90440.2 y 2.144*106 y 0.04218 1 PuÂ��PÂ  5.2445 1 2⁄ a 7 2⁄ $ 3 24110 y 11.0755 1.65331 y 24110 y 0.00007 1 AmÂÄ��-  5.6378 5 2⁄ $ 5 2⁄ a 1 432.2 y 10.3320 0.00658 y 432.2 y 0.00002 1 AmÂÄ��P  5.4381 5 2⁄ $ 5 2⁄ a 1 7370 y 11.9873 0.44434 y 7370 y 0.00006 1 BkÂÆ��Æ  5.8890 3 2⁄ $ 5 2⁄ $ 2 1380 y 19.4567 0.41219 y 1380 y 0.00030 1 CfÂÁ�Ä-  6.1758 1 2⁄ a 9 2⁄ $ 5 898 y 29.3742 1.69578 y 898.001 y 0.00189 1 

 

4. Conclusion 

Here, the general transmission coefficient formula for a 
potential barrier with an arbitrary form has been easily 

calculated without making any approximation. In this 
calculation, the new method that we developed for the 
solution of the radial SE has been used. The transmission 
coefficient obtained from the new method is given by the 
formula (6). In this formula, it could be difficult to calculate 
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analytically the integral 	H 1U��r�	dr . If these calculations 
cannot be made analytically, they should then be performed 
by numerical calculation methods. 

In the application of the general transmission coefficient 
formula to the α -decay, three-dimensional harmonic 
oscillator potential well has been used. The results are given 
in the tables along with the experimental values. The tables 
also contain the “ratio” column for comparison. It can be 
seen in tables that the ratios for the all of the nuclei are 
equal to 1 (one) or close to 1. The deviations from 1 are 
within the experimental error. Hence, it is said that the 
results obtained using the new formula are more realistic. In 
the WKB  method, the wave function is sinusoidal before 
and after the potential barrier. However, it is not a 
sinusoidal but an exponential function in the potential 
barrier. So, the wave function inside the potential barrier is 
not sinusoidal; after the potential barrier, it becomes 
sinusoidal again. However in the new method, the wave 
functions are sinusoidal everywhere both inside and 
outsides of the potential barrier. But, the wave functions 
have different phases inside and outside the potential barrier 
and it advances everywhere as sinusoidal functions. This is 
more reasonable. It can also be said that it is more accurate 
and realistic. Besides, the WKB method gives an 
approximate wave function. In the new method, the wave 
function is exact because there is no approximation. That is 
why the theoretical calculated half-life values match better 
with the experimental values. From these, we conclude that 
the transmission coefficient given in Equation (6) is more 
correct and realistic. By using the new transmission 
coefficient and half-life formulas, the half-life values of 
nuclei can easily be calculated. The general transmission 
coefficient formula can be used for the other tunneling 
phenomenon such as the cold emission from the metals. We 
have also calculated this coefficient but we have not taken 
them in this article. 
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